Atomic switch for control of heat transfer in coupled cavities by Meher, Nilakantha & Sivakumar, S.
ar
X
iv
:1
80
4.
01
89
7v
2 
 [q
ua
nt-
ph
]  
14
 Fe
b 2
01
9
Atomic switch for control of heat transfer in coupled cavities
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Controlled heat transfer and thermal rectification in a system of two coupled cavities connected
to thermal reservoirs are discussed. Embedding a dispersively interacting two-level atom in one
of the cavities allows switching from a thermally conducting to resisting behavior. By properly
tuning the atomic state and system-reservoir parameters, direction of current can be reversed. It is
shown that a large thermal rectification is achievable in this system by tuning the cavity-reservoir
and cavity-atom couplings. Partial recovery of diffusive heat transport in an array of N cavities
containing one dispersively coupled atom is discussed.
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2I. INTRODUCTION
Coherent and controlled transfer of photons is of fundamental interest in quantum information processing and
communication [1]. Recent developments in fabrication of suitably coupled cavities have made it possible to study
their use in transferring information using photons as the carrier [2–4]. Highly tunable cavity couplings and reso-
nance frequencies of coupled cavities make them suitable for photon transfer, quantum state transfer, entanglement
generation, etc [5–10]. Transport of photons in an array can be modified by embedding atoms or Kerr-medium in
the cavities which modify the cavity resonance frequencies [11–15]. This helps to realize phenomenon such as pho-
ton blockade [11], quantum state switching [2], generation of cat states [16], localization and delocalization [17, 18], etc.
In the ideal case of a cavity being completely isolated from its surroundings, its dynamics is unitary. However,
complete isolation of a system is not feasible. In this case, the evolution is not unitary. Simplest of this situation
corresponds to coupling the system to a reservoir at zero absolute temperature. On incorporating such a reservoir,
many of the photon transport phenomena indicated previously can be explained. However, the dynamics differs if
the cavities are coupled to heat reservoirs at non-zero temperatures, where cavities exchange energy with reservoirs.
In this context, coupled cavities can be used to transport energy between the thermal reservoirs [19, 20]. For a
conventional bulk material, steady state heat transport is governed by
J = −κ∇T, (1)
which is the Fourier’s law of heat conduction. Here J is the thermal current and ∇T is the temperature gradient. The
proportionality constant κ is the thermal conductivity, which is positive for all known materials. This law is valid if
the system is close to its equilibrium, in which case linear response theory is applicable [21–25]. Transport of heat by
magnetic excitations in spin chains [26–30], phonons in atomic lattices [31, 32], photons in cavity arrays [19, 33, 34],
etc. have been investigated. Similar to electronic devices, several thermal devices such as thermal diodes [35], thermal
transistors [36], thermal ratchet [37], thermal logic gates [38], thermal memory [39], etc. based on non-equilibrium
dynamics have been proposed.
A system away from equilibrium may violate the Fourier’s empirical law. There is no universal theory of heat
transfer applicable to all nonequilibrium systems. A chain of coupled oscillators is known to violate the Fourier’s
law of heat conduction in the sense that the thermal current is independent of system size and the heat transport is
ballistic [22, 33, 40, 41]. Diffusive transport can be recovered by including anharmonicity or dephasing [33, 42–44].
The dynamics of nonequilibrium systems is conceptually rich with many unsolved problems.
Another interesting phenomenon is thermal rectification, which is essential for realizing thermal diodes and tran-
sistors [35, 45]. A system shows thermal rectification if it possesses structural asymmetry allowing higher thermal
current in one direction. Thermal rectification is known in the case of nanotubes [46], quantum spin chains [47–49],
nonlinear oscillators [50], two-level systems [51], etc.
In the present work, heat transfer in a system of two coupled cavities containing a single atom is discussed. The
system-reservoir interaction is assumed to be of Lindblad type [52]. Magnitude as well as direction of current can
be controlled by suitably choosing the atomic state and the system-reservoir parameters. The system exhibits large
thermal rectification for proper choices of the cavity-reservoir and cavity-atom couplings.
The present paper is organized as follows. In Sec. II, details of the system and its theoretical model are discussed
to arrive at an expression for heat current. Also, various special cases of importance are indicated. Based on
the dependence of the current on the reservoir temperatures and coupling parameters, violation of Fourier’s law is
estabslished Sec. III. Thermal rectification behavior of the system is explored in Sec. IV. Generalization to N cavities
is discussed in Sec. V. Results are summarized in Sec. VI.
II. CURRENT IN COUPLED CAVITIES
A system of two linearly coupled cavities is described by the Hamiltonian[53],
H1 =ωLa
†
LaL + ωRa
†
RaR + J(a
†
LaR + aLa
†
R), (2)
3where ωL and ωR are the resonance frequencies. The coupling strength between the cavities is J . In addition, a
two-level atom is dispersively coupled to the right cavity and the corresponding atom-cavity interaction is governed
by the Hamiltonian [54],
H2 =
ω0
2
σz + χ(σ+σ− + a
†
RaRσz), (3)
where χ = g2/(ω0 − ωR) is assumed to be positive. The states |e〉 and |g〉 are respectively the excited and ground
states of the two-level atom. The operators σ+ = |e〉 〈g| and σ− = |g〉 〈e| are the raising and lowering operators for
the atom respectively. The energy operator for the atom is σz = |e〉 〈e| − |g〉 〈g|. The coupling strength between the
atom and the cavity field is g and the atomic transition frequency is ω0. This is an effective interaction obtained from
Jaynes-Cummings model, if the atom and the cavity are highly detuned so that ∆ = (ω0 − ωR) >> g and the mean
number of photons n is smaller than ∆2/g2 [54, 55]. Dispersive coupling between atom and cavity has been used to
realize the cat states of the cavity field [15, 16].
The system considered in this work is a pair of linearly coupled cavities and a dispersively interacting atom in one
of the cavities. Based on the discussion given above, the total Hamiltonian is
H = H1 +H2 =
ω0
2
σz + ωLa
†
LaL + ωRa
†
RaR + χ(σ+σ− + a
†
RaRσz) + J(a
†
LaR + aLa
†
R). (4)
This Hamiltonian conserves the respective total excitation numbers for the cavity fields and the atom in the absence
of dissipation, i.e., [a†LaL + a
†
RaR, H ] = 0 and [σz , H ] = 0. As a consequence, the atom and the field cannot exchange
energy in the dispersive limit [15].
The system is coupled to two reservoirs, each modelled as a collection of independent oscillators [56]. The reservoir
Hamiltonian is taken to be
Hx =
∑
j
ωxjb
†
xjbxj ,
where x = L, R is the index referring to the left reservoir and the right reservoir respectively. The creation and
annihilation operators of the reservoirs obey the bosonic commutation relation [bxj, b
†
xk] = δjk. The arrangement of
the cavities and reservoirs is shown in Fig. 1. The interaction Hamiltonian for the cavity-reservoir component is
HI =

∑
j
gLj (a
†
L + aL)(bLj + b
†
Lj)
+
∑
j
gRj(a
†
R + aR)(bRj + b
†
Rj)

 ,
where gLj(gRj) is the coupling strength of left (right) cavity to jth mode of left (right) reservoir.
FIG. 1. Schematic representation of system of coupled cavities with a two-level atom embedded in the right cavity. Both the
cavities are also coupled with their respective reservoirs.
4Under the Born-Markov and rotating wave approximations [57, 58], the reduced joint density matrix for the two
cavities (traced over the reservoirs) obeys [56]
∂ρ
∂t
= −i[H, ρ] +DL(ρ) +DR(ρ), (5)
where the Lindblad operators
Dx(ρ) =Γx(n¯x + 1)
2
(2axρa
†
x − a†xaxρ− ρa†xax)
+
Γxn¯x
2
(2a†xρax − axa†xρ− ρaxa†x), (6)
for x = L,R. The parameters ΓL and ΓR are related to the coupling strengths as [59]
Γx = 2π
∑
j
g2xjδ(ωxj − ωx). (7)
The two terms in Eqn. 6 correspond to energy flow from the system to the reservoir and vice-versa respectively. The
dynamics generated by the master equation approach satisfies the detailed balance condition and gives the correct
steady state if the different components of the system are weakly coupled [30, 60–62].
The reservoirs RL and RR are assumed to be in thermal equilibrium at temperatures TL and TR respectively. The
density operators which characterize the states of the reservoirs are
̺x =
e−Hx/kBTx
Tr
(
e−Hx/kBTx
) , (8)
with mean photon numbers
n¯x =
1
exp (ωx/kBTx)− 1 , (9)
where x = L,R.
The dynamics of the system can be understood from the temporal evolution of expectation values of various
operators. The expectation values satisfy
d
dt 〈a†LaL〉 = iJ(〈aLa†R〉 − 〈a†LaR〉)− ΓL〈a†LaL〉+ ΓLn¯L, (10a)
d
dt 〈a†RaR〉 = −iJ(〈aLa†R〉 − 〈a†LaR〉)− ΓR〈a†RaR〉+ ΓRn¯R, (10b)
d
dt〈a†LaR〉 = i∆c〈a†LaR〉 − iJ(〈a†LaL〉 − 〈a†RaR〉)− iχ〈a†LaRσz〉 − γ〈a†LaR〉, (10c)
d
dt 〈aLa†R〉 = −i∆c〈aLa†R〉+ iJ(〈a†LaL〉 − 〈a†RaR〉) + iχ〈aLa†Rσz〉 − γ〈aLa†R〉, (10d)
d
dt〈a†LaLσz〉 = iJ(〈aLa†Rσz〉 − 〈a†LaRσz〉)− ΓL〈a†LaLσz〉+ ΓLn¯L〈σz〉, (10e)
d
dt〈a†RaRσz〉 = −iJ(〈aLa†Rσz〉 − 〈a†LaRσz〉)− ΓR〈a†RaRσz〉+ ΓRn¯R〈σz〉, (10f)
d
dt 〈a†LaRσz〉 = i∆c〈a†LaRσz〉 − iJ(〈a†LaLσz〉 − 〈a†RaRσz〉)− iχ〈a†LaR〉 − γ〈a†LaRσz〉, (10g)
d
dt 〈aLa†Rσz〉 = −i∆c〈aLa†Rσz〉+ iJ(〈a†LaLσz〉 − 〈a†RaRσz〉) + iχ〈aLa†R〉 − γ〈aLa†Rσz〉, (10h)
where γ = (ΓL+ΓR)/2 and ∆c = ωL−ωR. Here 〈A〉 = Tr[ρA], where ρ satisfies the master equation given in Eqn. 5.
As [σz , H ] = [σz ,DL(ρ)] = [σz ,DR(ρ)] = 0, the evolution equation for 〈σz〉 is d〈σz〉/dt = 0. This indicates that
the value of 〈σz〉 remains constant during time evolution as a consequence of the fact that the atom is dispersively
coupled with the cavity field.
Steady state current is defined via the continuity equation
d
dt
〈H〉 = 0, (11)
5which expresses the conservation of the total energy in the system.
With 〈H〉 =Tr[ρH ] and using Eqn. 5 for evolving ρ, the continuity equation given in Eqn. 11 yields
0 = Tr[HDL(ρ) +HDR(ρ)] =: IL + IR. (12)
Here Ix = Tr[HDx(ρ)], x = L,R. Further, IL refers to the thermal current from the left reservoir RL to the system
and IR indicates the current from the right reservoir RR to the system. Using Eqn. 5, the steady state heat current
from the left reservoir to the right reservoir through the system is
IL = Tr[HDL(ρ)] = ΓL(Ind − Icoh). (13)
Here Ind = (n¯L −〈a†LaL〉ss)ωL is the current due to mean excitation number difference between the left reservoir and
the left cavity, and Icoh =
1
2J(〈a†LaR〉ss+ 〈aLa†R〉ss) is the current due to the total coherence in the system. Here 〈·〉ss
represents the steady state mean value. A similar expression for the steady state heat current from the right reservoir
to the left reservoir is
IR = Tr[HDR(ρ)],
= ΓR(n¯R − 〈a†RaR〉ss)(ωR + 〈σz〉χ)− ΓRIcoh. (14)
Steady state solutions are obtained by equating the time derivatives of the expectation values of the relevant operators
given in Eqns. 10a-10h to zero. The steady state values are
〈a†LaL〉ss = C(ΓLn¯L+ΓRn¯R)+ΓLΓRn¯LC(ΓL+ΓR)+ΓLΓR , (15a)
〈a†RaR〉ss = C(ΓLn¯L+ΓRn¯R)+ΓLΓRn¯RC(ΓL+ΓR)+ΓLΓR , (15b)
δN = 〈a†LaL〉ss − 〈a†RaR〉ss = ΓLΓR(n¯L−n¯R)C(ΓL+ΓR)+ΓLΓR , (15c)
and
〈a†LaR〉ss = −J χ〈σz〉+∆c+iγχ2−∆2
c
+γ2−2iγ∆c
δN, (15d)
with
C = 2J2γ
∆2c + χ
2 + 2∆cχ〈σz〉+ γ2
(χ2 −∆2c + γ2)2 + 4γ2∆2c
. (16)
Using these steady state solutions, Eqn. 13 yields
IL = J
2δN
ΓLχ〈σz〉(χ2 −∆2c + γ2) + (ωLΓR + ωRΓL)(∆2c + γ2) + χ2(2ωLγ +∆cΓL) + 4∆cχ〈σz〉ωLγ
(χ2 −∆2c + γ2)2 + 4γ2∆2c
. (17)
In the absence of inter-cavity coupling (J = 0), the cavities equilibrate with their respective reservoirs with mean
photon numbers n¯L and n¯R. The currents IL and IR vanish since energy cannot flow from one cavity to another as
J = 0. If the coupling is non-zero and the reservoirs are at different temperatures, energy flows from one reservoir to
other through the cavities.
Interestingly, expression in Eqn. 17 shows that the current through the system explicitly depends on 〈σz〉, which, in
turn, depends on the state of the atom. This dependency arises as the atom modifies the cavity resonance frequency
and the coherences 〈a†LaR〉ss and 〈aLa†R〉ss, as well. By a proper choice of the atomic state, 〈σz〉 can be tuned from
+1 corresponding to the atom in its excited state to −1, i.e., the atom is in its ground state. This feature can be
used to control the energy flow (current) between the reservoirs.
6If the cavities are resonant, i.e., ωL = ωR = ω, equivalently, ∆c = 0. In the absence of the atom, the total coherence
is zero 〈a†LaR〉ss + 〈aLa†R〉ss = 0, as can be seen from Eqn. 15d. The current through the cavities is
IL =
4ωJ2ΓLΓR
(4J2 + ΓLΓR)(ΓL + ΓR)
(n¯L − n¯R). (18)
The current is proportional to the difference in the mean photon numbers; equivalently, the current is proportional
to the temperature difference of the two reservoirs for a fixed system size, which is like the Fourier’s law.
If the temperatures of the two reservoirs are equal (n¯L = n¯R = n¯), the system equilibrates with the reservoirs and
no current flows through the system. The mean number of photons in the cavities are 〈a†LaL〉ss = 〈a†RaR〉ss = n¯.
Also, the states of the cavity fields satisfy the zero coherence condition, namely, 〈a†LaR〉ss = 〈a†RaL〉ss = 0. To know
the states of the fields in the cavities, the fidelity F (ρth, ρx)
F (ρth, ρx) = Tr
(√√
ρthρx
√
ρth
)
, (19)
between the thermal field and the cavity field is calculated. Here
ρth =
1
1 + n¯
∞∑
n=0
(
n¯
1 + n¯
)n
|n〉 〈n| , (20)
is the single mode Gibbs thermal state; ρx(x = L,R) are the steady state reduced density matrices for the left- and
right-cavities respectively. The steady state fidelity F (ρth, ρx) is unity. Therefore, the cavity fields are also Gibbs
thermal state. The second order correlation function
g(2)x (0) =
Tr(ρxa
†2
x a
2
x)[
Tr(ρxa
†
xax)
]2 , (21)
in the steady state ρx is 2 same as that of the thermal state. This confirms that the cavity states are thermal states ρth.
If a temperature difference is maintained between the reservoirs, the high temperature reservoir is the source of
energy to the system and the low temperature reservoir is the sink for the energy to establish a steady state. As
a consequence, heat continuously flows from the high temperature reservoir to the low temperature reservoir. The
system reaches a non-equilibrium steady state with effective mean photon numbers 〈a†LaL〉ss and 〈a†RaR〉ss in the
left- and right- cavities respectively. Analytical expressions for these mean photon numbers are given in Eqn. 15a
and Eqn. 15b. A non-equilibrium steady state is not necessarily the Gibbs thermal state.
In the presence of an atom in one of the cavities, as shown in Fig. 1, the current through the system is
IL = Θ
c¯
γ
(
γω +
ΓL
2
χ〈σz〉
)
(n¯L − n¯R), (22)
where
Θ =
ΓLΓR
c¯(ΓL + ΓR) + ΓLΓR
,
and c¯ = 2J2γ/(χ2 + γ2).
If ΓL = ΓR = Γ, then
IL = 2J
2 Γ
4J2 + χ2 + Γ2
(
ω +
χ
2
〈σz〉
)
(n¯L − n¯R). (23)
Scaled current IL/ω
2 as a function of Γ/ω is shown in Fig. 2. Maximum current flows through the system if
Γ =
√
4J2 + χ2. This special value
√
4J2 + χ2 corresponds to the Rabi frequency of the oscillation of the mean
number of photon when the cavity detuning is χ and the cavities are not coupled to the reservoirs. The detuning
7between the cavity frequencies arises due to the atom in one of the cavities. The competition between the cavity-
reservoir energy exchange rate Γ and the cavity-cavity energy exchange rate
√
4J2 + χ2 affects the current through
the system. If the two rates are equal, then
IL =
J2√
4J2 + χ2
(
ω +
χ
2
〈σz〉
)
(n¯L − n¯R), (24)
which is the maximum current. If Γ >>
√
4J2 + χ2, the cavities and their respective reservoirs exchange energy
faster than the inter-cavity exchange. In the opposite limit, both the cavities exchange energy with each other faster
than with their respective reservoirs. This mismatch between the energy exchange rates reduces the current. From
Eqn. 23, it is seen that for small Γ, IL ∝ Γ and for large Γ, IL ∝ Γ−1. It may be noted that a system of three cavities
containing two 3-level atoms has also been shown to allow control of magnitude of heat current [19].
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FIG. 2. Current IL/ω
2 shown as a function of reservoir coupling strength Γ/ω for different atom-cavity coupling strengths
χ/ω = 0 (continuous), 0.03 (dashed) and 0.05 (dot-dashed). The system-reservoir parameters are J/ω = 0.02, n¯L − n¯R = 0.5
and 〈σz〉 = 1.
III. NEGATIVE THERMAL CONDUCTIVITY
According to the Fourier’s law given in Eqn. 1, current is proportional to temperature gradient. Using the fact
that δN ∝ (n¯L − n¯R) as given in Eqn. 15c, the expression for IL in Eqn. 17 can be written in the form
IL = κ˜(n¯L − n¯R), (25)
for comparing with the Fourier’s law. Here κ˜ is the effective thermal conductivity. It is to be noted that thermal
conductivity can be tuned by suitably choosing the atomic state. Two important cases corresponding to the atom
being in the excited state and the ground state are considered, i.e., 〈σz〉 = ±1. The corresponding currents are
IL = J
2δN
Ω
(χ2 −∆2c + γ2)2 + 4γ2∆2c
((∆c ± χ)2 + γ2). (26)
where Ω = ωLΓR + ΓL(ωR ± χ). We assume n¯L > n¯R, i.e., δN > 0 for subsequent discussion. In this assumption,
IL and Ω have the same sign. If the atom is in its ground state, sign of Ω is changeable by properly choosing the
ratios ΓR/ΓL and (χ− ωR)/ωL. Consequently, direction of current can also be changed. It is to be pointed out that
ωR − χ is the resonance frequency of the right cavity modified by the atom. If the atom is in its excited state, i.e.,
〈σz〉 = +1, IL is always positive, meaning the thermal current flows from the high temperature reservoir to the low
temperature reservoir (conventional flow) and reversal of current is not possible.
In order to exhibit the switching action by the atom, we choose χ > ωR. If the system-reservoir parameters satisfy
ΓR
ΓL
>
(χ− ωR)
ωL
, (27)
8TABLE I. Conditions for positive and negative thermal currents.
〈σz〉 = +1 〈σz〉 = −1
α > 1 IL > 0 IL > 0
α = 1 IL > 0 IL = 0
α < 1 IL > 0 IL < 0
thermal current flows from the high temperature reservoir to the low temperature reservoir, independent of the atomic
state.
If the ratios are equal, i.e.,
ΓR
ΓL
=
(χ− ωR)
ωL
, (28)
and the atom is in the ground state, the thermal current through the system is zero even if the reservoirs are at
different temperatures. The system completely blocks the heat flow like a thermal insulator. By switching the atom
to its excited state, the system changes from a thermal-insulator to a thermal-conductor.
If the atom is in its ground state and the system-reservoir parameters are such that
ΓR
ΓL
<
(χ− ωR)
ωL
, (29)
then Ω < 0 and the direction of thermal current reverses, i.e., current flows from low temperature reservoir to high
temperature reservoir (unconventional flow). In such case, thermal conductivity of the system can be interpreted
to be negative in which case heat flows from the low temperature to high temperature. Emergence of this negative
current may be a result of coupling the system to Markovian baths [58]. By switching the atom from its ground state
to excited state, the unconventional flow of thermal current switches to the conventional flow. Thus, the atom acts
as a thermal switch which brings about a controllable current flow through the cavities.
To summarize, we define
α =
ΓR/ΓL
(χ− ωR)/ωL . (30)
The three conditions given in Eqns. (27-29) correspond to α becoming greater than, equal to or less than unity
respectively. The signs of the respective currents established in the system are indicated in Table. I.
Scaled current IL/I0 for the case of the atom in its ground state is shown as a function of χ/ωL in Fig. 3 for
cavity-reservoir coupling ratios ΓR/ΓL = 0.1 (continuous), 0.3 (dashed) and 0.6 (dot-dashed). Here I0 is the amount
of current flowing through the system when χ = 0. The inset figure shows the scaled current in the system when the
atom is in excited state for the same values of ΓR/ΓL. Note that the current is always positive if the atom is in the
excited state (inset figure). If the atom is in its ground state, current vanishes if the system and reservoir parameters
satisfy Eqn. 28. Negative current occurs at different values of χ/ωL required to satisfy Eqn. 29.
Negative current arises because the contribution from the coherence part Icoh is more than the current due to mean
excitation number difference Ind, which makes IL negative (refer Eqn. 13). Dimensionless quantities Ind/ω
2
L, Icoh/ω
2
L
and IL/ω
2
L are shown in Fig. 4 as a function of the atom-field coupling strength χ/ωL. It is to be noted that if the
parameters are chosen to satisfy Eqn. 28, in which case Ind = Icoh, the system completely blocks the current. Current
reverses its direction from the low temperature reservoir to the high temperature reservoir when Icoh > Ind. In this
sense, the coherence in the system drives energy to flow to the high temperature reservoir.
IV. THERMAL RECTIFICATION
A system exhibits thermal rectification if thermal current depends on the direction of heat flow,
I(∆n) 6= −I(−∆n), (31)
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FIG. 3. Normalized current IL/I0 shown as a function of χ/ωL for different cavity-reservoir coupling ratio ΓR/ΓL = 0.1
(continuous), 0.3 (dashed) and 0.6 (dot-dashed). The system-reservoir parameters are J/ωL = 0.05, n¯L−n¯R = 0.5, ωR/ωL = 0.8
and 〈σz〉 = −1. The current in the system is shown in the inset for the same values of the parameters and 〈σz〉 = +1.
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FIG. 4. Dimensionless currents IL/ω
2
L(continuous), Ind/ω
2
L (dashed) and Icoh/ω
2
L (dot-dashed) shown as function of χ/ωL.
Here ΓR/ΓL = 0.3, J/ωL = 0.05, n¯L − n¯R = 0.5, ωR/ωL = 1 and 〈σz〉 = −1.
where ∆n = n¯L − n¯R is the difference in the average photon number of the left and right reservoirs. This means that
by swapping the thermal reservoirs, current changes both sign and magnitude.
If the system is symmetric under the exchange of cavities, rectification is not possible. In the system under
discussion, assymmetry is due to presence of the atom in one of the cavities. Thermal rectification is to be established
by studying the transport of photon in the reverse configuration realized by interchanging the reservoirs and system-
FIG. 5. Reverse configuration of system-reservoirs. reservoir temperatures and the system-reservoir coupling strengths are
interchanged.
10
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0
0.2
0.4
0.6
0.8
1
χ/ωL
N
o
rm
al
iz
ed
 c
u
rr
en
ts
FIG. 6. Normalized forward current If (continuous line) and reverse current Ir (dashed line) as a function of χ/ωL for
ΓR/ΓL = 0.3. Currents are normalized with their respective values at χ = 0. The system-reservoir parameters are J/ωL =
0.05, n¯L − n¯R = 0.5, ωR/ωL = 1 and 〈σz〉 = −1.
reservoir coupling strengths. The reverse configuration is shown in Fig. 5. The relevant Lindblad operators for the
reverse configuration are
DL(ρ) =ΓR(n¯R + 1)
2
(2aLρa
†
L − a†LaLρ− ρa†LaL)
+
ΓRn¯R
2
(2a†LρaL − aLa†Lρ− ρaLa†L),
DR(ρ) =ΓL(n¯L + 1)
2
(2aRρa
†
R − a†RaRρ− ρa†RaR)
+
ΓLn¯L
2
(2a†RρaR − aRa†Rρ− ρaRa†R).
The atom is taken to be in its ground state. Steady state solutions for the expectation values of operators for the
reverse configuration can be obtained by the transformations ΓL −→ ΓR, n¯L −→ n¯R and vice-versa in Eqns. 15a-15d.
Current from the left reservoir RL to the right reservoir RR in the system shown in Fig. 1 is called forward current.
The expression for the forward current is
If (∆n,ΓL,ΓR) = J
2δN
(ωLΓR + ΓL(ωR − χ))
(χ2 −∆2c + γ2)2 + 4γ2∆2c
((∆c − χ)2 + γ2). (32)
On exchanging (n¯L,ΓL) and (n¯R,ΓR), reverse current from the right reservoir RR to the left reservoir RL in the
configuration given in Fig. 5 is
Ir(−∆n,ΓR,ΓL) = −J2δN (ωLΓL + ΓR(ωR − χ))
(χ2 −∆2c + γ2)2 + 4γ2∆2c
((∆c − χ)2 + γ2). (33)
The reverse current is taken as negative as the direction of flow is opposite to the forward current.
The currents If and Ir, normalized with their corresponding values for χ = 0 and ∆c = 0, are shown as a function
of the atom-field coupling strength χ in Fig. 6. For non-zero χ, the magnitudes of the forward and reverse currents
are different. Therefore, the system shows thermal rectification. Importantly, if the parameters satisfy the condition
given in Eqn. 29, the forward current changes the sign. As a result, If and Ir flow in same direction.
Thermal rectification is quantified by rectification coefficient R defined as
R = −If
Ir
. (34)
If R = 1, there is no rectification. For the system under consideration
R =
ωLΓR + ΓL(ωR − χ)
ωLΓL + ΓR(ωR − χ) . (35)
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FIG. 7. Rectification R as a function of ΓL/ω for ΓR/ω = 0.2. Here χ/ω = 1.5 and 〈σz〉 = −1.
If ΓL = ΓR or ωL = |ωR − χ|, rectification coefficient R becomes unity. Rectification coefficient R is shown as a
function of ΓL/ω in Fig. 7 for the resonant case (∆c = 0). Rectification is positive, zero, or negative depending on
the parameters. The system shows large rectification if
ΓL
ΓR
=
χ− ωR
ωL
, (36)
as seen in Fig. 7. This originates from the fact that the atom completely blocks the current in one direction (thermally
insulating) and allows in the other direction (thermally conducting). Even though the system size is finite, rectification
becomes infinity theoretically. If ΓL/ω is increases from values less than that satisfying Eqn. 36 to higher values,
R jumps from negative value of large magnitude to large positive value. Thus R is very sensitive to changes in the
parameters in that region. Asymmetry can also be introduced with non-resonant cavities without an atom (χ = 0) in
any of the cavities. However, as seen from Eqn. 35, large rectification is not possible.
V. GENERALIZATION TO N-CAVITIES
It would be interesting to study the steady state heat transfer in N coupled cavities containing a two-level atom in
one of the cavities. The Hamiltonian for the system is
H˜ =
ω0
2
σz + ω
N∑
j=1
a†jaj + J
N−1∑
j=1
(a†jaj+1 + aja
†
j+1)
+ χ(σ+σ− + a
†
mamσz). (37)
The atom is embedded in the mth cavity and dispersively interacts with the cavity-field. The right most and the
left most cavities in the array are coupled with two reservoirs RL and RR respectively. The density matrix ρ˜ of the
system obeys
∂ρ˜
∂t
= −i[H˜, ρ˜] +DL(ρ˜) +DR(ρ˜), (38)
where
DL(ρ˜) =ΓL(n¯L + 1)
2
(2a1ρ˜a
†
1 − a†1a1ρ˜− ρ˜a†1a1)
+
ΓLn¯L
2
(2a†1ρ˜a1 − a1a†1ρ˜− ρ˜a1a†1),
DR(ρ˜) =ΓR(n¯R + 1)
2
(2aN ρ˜a
†
N − a†NaN ρ˜− ρ˜a†NaN )
+
ΓRn¯R
2
(2a†N ρ˜aN − aNa†N ρ˜− ρ˜aNa†N ),
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Here n¯L and n¯R are the mean number of photons in the reservoirs RL and RR respectively. Without loss of generality,
we assume n¯L > n¯R.
Using Eqn. 38, the equation of motion is
d〈G〉
dt
=
d
dt
Tr(ρ˜G) = i[M1, 〈G〉] + {M2, 〈G〉}+M3, (39)
where 〈G〉 = 〈A†A〉 is the matrix whose elements are the expectation values of the operator elements of A†A. Here
A = Row(a1, a2, ...aN , a1σz , ..., aNσz),
A† = Column(a†1, a
†
2, ...a
†
N , a
†
1σz, ..., a
†
Nσz).
Further [M1, 〈G〉] =M1〈G〉 − 〈G〉M1 and {M2, 〈G〉} =M2〈G〉+ 〈G〉M2. The transformation matrices are
M1 =I2×2 ⊗Hc + σx ⊗X,
M2 =I2×2 ⊗Diag
(
−1
2
ΓL, 0, ...0,−1
2
ΓR
)
N×N
,
M3 =I2×2 ⊗Diag (ΓLn¯L, 0, ...0,ΓRn¯R)N×N
+ σx ⊗Diag(ΓLn¯L〈σz〉, 0, ...0,ΓRn¯R〈σz〉)N×N ,
where I2×2 is the identity matrix of dimension 2 and σx is the Pauli matrix. The matrix
Hc =


ω J 0 . . . 0
J ω J . . . 0
...
...
. . .
...
0 0 . . . ω J
0 0 . . . J ω


N×N
,
and the matrix elements of (X)N×N are zero except Xm,m = χ.
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FIG. 8. Ratio of currents IL/I0 as a function of N for χ/ω = 0.15 (circle) and 0.1 (triangle). The atom is embedded in the
last cavity (m = N). Here J/ω = 0.05, n¯L − n¯R = 0.5, 〈σz〉 = −1,ΓL/ω = ΓR/ω = 0.15.
Using H˜ given in Eqn. 37 in the continuity equation (refer Eqn. 11), the current in the system is
IL = ΓL [(n¯L−〈a†1a1〉ss)(ω + χ〈σz〉δm,1)
−J
2
(〈a†1a2〉ss + 〈a1a†2〉ss)
]
. (40)
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Here δm,1 is Kronecker delta. If there is no atom in the array, the coherence term 〈a†jaj+1〉 is purely imaginary [33].
The contribution of the coherence term to the current vanishes as Icoh =
J
2 (〈a†1a2〉ss + 〈a1a†2〉ss) = 0. Consequently,
current in the cavity array is
IL(χ = 0) = I0 =
4ωJ2ΓLΓR
(4J2 + ΓLΓR)(ΓL + ΓR)
(n¯L − n¯R). (41)
Note that the current I0 is independent of the size of the array, in violation of Fourier’s law. This feature is similar
to the system-size independent current in the case of ballistic transport [33, 63, 64]. This comparison indicates that
the mean free path of the photons scales in proportion to the number of cavities N .
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FIG. 9. Steady state mean photon number in the intermediate cavities for arrays of length (a)N = 6 and (b)N = 12. The
atom-field coupling strength is chosen to be χ/ω = 0.1. Here J/ω = 0.05, n¯L − n¯R = 0.5, 〈σz〉 = −1,ΓL/ω = ΓR/ω = 0.15.
Mean free path is different from the array size if an atom is embedded in one of the cavities. The atom is considered
to be in the last cavity of the array, i.e., m = N , to keep the mean free path as close to the size of the array. This
helps to understand the emergence of diffusive character if there is a single scatterer. The normalized current IL/I0
as a function of size of the array N is shown in Fig. 8 for a fixed temperature difference (n¯L − n¯R). It is to be
noted that by increasing the size of the array, the steady state current significantly decreases and asymptotically
approaches a constant value. The current is size dependent for smaller array. Thus the atom is able to introduce
diffusive character. It saturates with further increase in size and becomes nearly size independent, which is at odds
with the Fourier’s law. Thus, the transport is of ballistic type. If many cavities in the array contain atoms, the heat
transport may be expected to be diffusive. This is plausible as the effect of dephasing by all the atoms effectively
reduces the mean free path for the photons [15, 33].
The transition from diffusive to ballistic transport as size of the array increases, can be understood by calculating
the mean photon numbers 〈nj〉 = 〈a†jaj〉 (known as local temperature [33]) of the respective cavities in the array. The
steady state mean photon number 〈nj〉 in the intermediate cavities for arrays containing 6 and 12 cavities are shown
in Fig. 9(a) and (b) respectively. Gradient in the mean photon number is noticed in Fig. 9(a). This implies that
the transport is diffusive [40, 42]. For larger size array, for instance N = 12, the gradient in mean photon number
approaches zero and the current is independent of the system size. Essentially, the change in mean free path in the
presence of a scatterer at the end of the array is insignificant for large array. Consequently, the photon transport is
not diffusive.
VI. SUMMARY
Mesoscopic systems offer interesting possibilities when it comes to thermal properties. A system of two coupled
cavities connected between thermal reservoirs provides a conduit for heat flow between the reservoirs. If a dispersively
interacting atom is placed in one of the cavities, thereby providing an asymmetry in the system, many of the thermal
transport properties can be tailored. The present system switches from a thermally insulating state to a conducting
one, depending on whether the atom is in its ground state or excited state. If the atomic state changes from the excited
state to the ground state, current through the system becomes zero or reversed depending on the system-reservoir
coupling strengths and the cavity frequencies. The reversal of current implies that the effective thermal conductivity
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is negative.
The presence of the atom changes the magnitude of the current on exchange of the reservoirs along with the
coupling strengths, which leads to thermal rectification. Large rectification is possible if the parameters are chosen
to make the system thermally resistive either for the forward current or the reverse current.
If a cavity array contains a two-level atom in one of the cavities, the magnitude of current depends on the number
of cavities. This size-dependence indicates that the thermal current through the array is analogous to the diffusive
heat transport. If there is only a single atom in a large array, it is not possible to completely recover the diffusive
transport. Single atom does not provide enough dephasing to recover the diffusive character.
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